. This problem is intimately related to that of finding all integral points on elliptic curves belonging to a certain family which can be represented by a Weierstra? equation with parameter k. All curves in this family have positive rank, and for those of rank 1 a most likely candidate generator of infinite order can be explicitly given in terms of k. We conjecture that this point indeed generates the free part of the Mordell Weil group and give some heuristics to back this up. We also show that a point which is modulo torsion equal to a nontrivial multiple of this conjectured generator cannot be integral. For k in the range 1 k 100 the corresponding curves are closely examined, all integral points are determined and all solutions to the original problem are listed. It is worth mentioning that all curves of equal rank in this family can be treated more or less uniformly in terms of the parameter k. The reason for this lies in the fact that in Sinnou David's lower bound of linear forms in elliptic logarithms which is an essential ingredient of our approach the rank is the dominant factor. Also the extra computational effort that is needed for some values of k in order to determine the rank unconditionally and construct a set of generators for the Mordell Weil group deserves special attention, as there are some unusual features. and many with the identity resulting from Lucas'``Square Pyramid'' problem,
The problem of determining those squares equal to the sum of consecutive squares has attracted considerable interest throughout the years; the reader is referred to Guy [6, Problem D3] for a comprehensive list of both historical and contemporary references. We are interested in integer solutions of
which equation may be written in the form of an elliptic curve 
Most authors to date have considered n as fixed and asked for corresponding pairs of integers k, t if any. It is known that there exist solutions for infinitely many n, and in particular all such n<1000 have been determined. The analysis in this instance depends upon an associated Pellian equation. Alternatively, one can consider k as fixed and ask for corresponding integer pairs n, t (when k=1 this is the Lucas problem mentioned above). The analysis now depends upon the theory of elliptic curves; a few explorations have been made in this direction (Platiel and Rung [10] , Rung [11] ; see also Kuwata and Top [8] ). The present paper offers a systematic investigation of this approach, and all integer solutions n, t of (2) are found in the range 1 k 100.
Stroeker and Tzanakis [16] and Gebel, Petho , and Zimmer [5] have studied specific elliptic curves over Q, showing that when the rational Mordell Weil group of the curve is known, then finding all integer points can be reduced to a practicably efficient process. Both papers employ similar methods, not following the traditional well established path of solving Thue equations, but instead relying on a highly nontrivial lower bound for linear forms in elliptic logarithms recently obtained by Sinnou David [3] . Where the calculations in [5] leading to the computations of the Mordell Weil group are based on the assumption of the Birch and Swinnerton Dyer conjectures, the results of [16] are unconditional. This is also one of the objectives of the present paper, and our results for k in the range 1 k 100 do not depend on any of the usual conjectures. However, in practice, this often means that an extensive amount of computational effort is required.
In [15] Stroeker takes the elliptic logarithm method one step further and examines the parametrized family of elliptic curves that arises from demanding that the sum of consecutive cubes be a square. He is able systematically to treat the first 50 curves of the family, showing that certain aspects of the computations can be successfully carried through uniformly in terms of the parameter. The current paper is modelled on this latter, although with some extra features. First, to determine the Mordell Weil rank unconditionally in 11 cases required an extra argument; in particular for k=68, it was found necessary to invoke the arithmetic of a number field with class-group of order 16128. A detailed discussion is devoted to this exceptional case, because it is rather surprising that the nontrivial structure of this class-group ultimately clinches the argument. Some of the curves in our range have generators of large height, and an extra descent was necessary in order to compute the corresponding Mordell Weil groups. Second, the curve (2) possesses an``obvious'' integer solution for each k, namely (n, t)=(1, k). It turns out that the point Q k on the corresponding elliptic curve has infinite order, and one might reasonably ask two associated questions in the case that the curve has rank 1:
(i) Is Q k always a generator, and
(ii) Can any multiple of Q k modulo torsion give rise (on specialization) to a nontrivial integer solution of equation (2)? In the range 1 k 100, question (i) can be answered in the affirmative, and we offer some suggestions as to the reason why the answer should be yes for all sufficiently large k. We answer question (ii) in the negative by means of a p-adic approach ( p=2, 3), involving straightforward but intricate double induction arguments.
The Family of Curves
Under the substitution (x, y)=(12n+12k&6, 72t)
with inverse
the curve E k at (2) transforms into the following Weierstra? form,
We shall denote by E k (Q) the rational Mordell Weil group of this curve.
There is a rational point T k on E k of order 2, namely
and with the substitution
(4) transforms to
with T k transforming to (0,0). For P # E k (Q), the coordinates (x(P), y(P)) will always be relative to (4) , and the coordinates (X(P), Y(P)) will always be relative to (7) . The discriminant 2 k of E k is given by
and the j-invariant j k by
Some simple facts are easy to establish.
(ii) The rank r k of E k (Q) satisfies r k 1 for k 1.
Proof. (i) For k=1, the torsion statement follows from Silverman [12, p. 311] . For k 2, we use the well-known fact (Silverman [12, p. 176] ) that if a prime p does not divide the discriminant 2 k of E k , then E k (Q) tors injects in E k, p (F p ), where E k, p is the reduction mod p of E k . With p=5, we have
for k#0, 1, 3 mod 5, for k#2, 4 mod 5.
Thus |E k (Q) tors | divides 8. Certainly E k (Q) has precisely the one point T k of order 2, since 6(2k&1) is the only real zero of the right-hand side of (4). Furthermore, E k (Q) possesses no point of order 4, for such a point P(x, y) satisfies 2P=(6(2k&1), 0), implying
But this forces x to be exactly divisible by 2, and hence 6(2k&1) should be exactly divisible by an even power of 2, which is clearly absurd. This shows (i), with the immediate consequence that the point Q k =(12k+6, 72k) on (4), corresponding to (n, t)=(1, k) on (2), cannot be of finite order, which shows r k 1. K Our goal is to determine all integer solutions of (2) in the range 1 k 100. We shall actually do more and determine all integer solutions of (4) in the range 1 k 100; integer solutions of (2) correspond via the transformation (3) and its inverse to a subset of integer solutions of (4). The attack falls into two distinct parts: determination of the Mordell Weil groups and subsequent determination of the integer points.
THE MORDELL WEIL GROUPS
In this part the Mordell Weil groups for k in the range 1 k 100 will be computed completely and unconditionally. As the torsion subgroups have been determined in the previous part, that leaves the rank and the generators of infinite order.
Rank Calculations
The first step is to compute the rank of each curve in the family. Connell's Apecs program was able to determine rank unconditionally in the range 1 k 100 except in the 11 cases k=29, 40, 49, 51, 53, 57, 68, 77, 84, 93, 99. It is interesting to note at this point that the referee has verified the computations using the newest version of Simath. Apparently Simath determined the rank and a basis unconditionally in the range 1 k 100 except in the case k=68. This certainly shows a serious advantage to the use of Simath. Nevertheless, we give below a (non-detailed) description of our arguments in those cases that Apecs failed to settle, because analogous arguments can be useful when dealing with elliptic curves whose rank cannot be automatically computed by one or another computer program.
At a rational point of (7) 
on which we seek points. John Cremona's algorithm``mwrank'' (see [2] ) will quickly sieve out all quartics (8) locally unsolvable for some prime p (including ). Therefore we can safely assume that (8) is everywhere locally solvable. Then the associated quadratic
is everywhere locally solvable, and hence globally solvable. Let (:, ;, #) be a point of (9); then (9) may be rationally parametrized as . The possibilities for h can be tested in (10), discarding those for which the pair of quadrics is not everywhere locally solvable. For a remaining value of h, the second quadric at (10) being locally solvable implies it is globally solvable, and so rationally parametrizable. Substituting into the first quadric at (10) results in a homogeneous quartic in two variables being a square. In 10 of the 11 exceptional cases listed above, all the resulting quartics turn out to be locally unsolvable. The rather tedious but straightforward details of these cases are omitted; verification should not pose any serious problems. However, for k=68 everywhere locally solvable quartics remain, so that we are still uncertain about the expected non-existence of global solutions. We had to do some rethinking at this point, and the proof we found in the end to show that these quartics can possess no global solution is interesting enough in itself to justify a detailed description. Moreover, it clearly shows the power that sophisticated software like PariÂgp puts at one's fingertips.
After this the rank will have been determined unconditionally for all k in the range 1 k 100. The rank values are listed in Table I ; here we just indicate their distribution, namely 31 cases of rank 1, 52 cases of rank 2, 14 cases of rank 3, and 3 cases of rank 4.
The Exceptional Case, k=68
Details are provided here that show the rank r 68 of (4) for k=68,
is unconditionally equal to 2. We refer to [ and the standard 2-isogenies , : E 68 Ä E$ 68 and , : E$ 68 Ä E 68 . It is wellknown that
and we will show that
Moreover, the group E 68 (Q)Â, (E$ 68 (Q)) is isomorphic to the subgroup of Q*Â(Q*) 2 generated by the factors $ for which the diophantine equation (13) has an integer solution. Cremona's``mrank'' tells us that global solutions exist at $=1, 3, 2 } 27337, 6 } 27337, and the remaining four values of $, $=2, 6, 27337, 3 } 27337 give everywhere locally solvable curves, but the existence of a global solution for these values remains undecided. However it is easy to see that |E 68 (Q)Â, (E$ 68 (Q))| =2 2 or 2 3 , depending, respectively, on the existence or non-existence of a solution for $=2.
When $=2, 
The quadrics (15) and (16) 
Write (15), (16) in the form
where t is chosen so that the left-hand side is a singular quadratic; this demands t=202+%, where % 2 &%+13668=0, and (18) may then be written
or, equivalently,
Define the number field K=Q(.), where . 2 =&606&3%, so that .
The following arithmetic information about K, L was obtained by use of PariÂgp. In L there are the prime factorizations (2) The following congruences hold:
Now at (19) , the greatest ideal common factor of (3:+;.) and (3:&;.) divides (6:, 2;., 3:+;.). Since ;#0(2) O U#0(2) O V#0 (2) at (16), we have (;, 2)=1; and certainly ( ;, 3)=1. Further, (:, ;)=1, for any common prime divisor ? divides the resultant at (15) , (16) 2 +27337 } 118V(U+12822V)#0 mod 27337 2 , giving U+7573V#0#V(U+12822V) mod 27337, contradicting (U, V)=1. So the above gcd is q 2 q 3 q$ 3 (: odd), q$ 2 q 3 q$ 3 (: even).
At (19) , let the ideal (83U+(10+%)V)=p$ 83 a, so that we obtain as ideals:
Now, from (17) It should be noted here that the ideal classes are given relative to a certain (unspecified) ordered basis. This basis will generally change with each interactive session, resulting in different representations for the ideal classes. Also, the algorithms used in Pari for constructing the class-group are correct under GRH. However, in most cases it should be comparatively easy to verify the results Pari produces.
Next, we consider the isogenous curve (12) . In a completely analogous way it can be seen that, starting with
it suffices to show that there are no global solutions for 2=&2. Now, the class-group of the relevant quartic number field generated by a zero of x 4 +2430x 2 &492039 is isomorphic to Z 4 _Z 4 _Z 4 _Z 2 . An argument similar to that used before applies and ultimately we find |E$ 68 (Q)Â ,(E 68 (Q))| =2 2 , thus proving that r 68 =2.
Constructing Generators
The next step towards the construction of Mordell Weil bases is to find on each curve the maximal number of linearly independent points. Apecs was used extensively but failed to find the right number of points in six instances. It was necessary to perform the extra descent described above and search the resulting quartics for global solutions, which, when found, could be pulled back to the corresponding points of (4). This descent finds the points of large height in Table I ; and it is clear why the Apecs search failed to find them.
As already noted, according to the referee, Simath was able to compute generators for the Mordell Weil groups in all cases but k=68. Since, however, the arguments and tricks which we used in order to find generators (in those cases that Apecs failed to compute such) can be applied to similar situations whenever the automatic machine search is not possible, we think it is useful not to omit them. We remark that any determination of generators of a Mordell Weil group will depend on estimation of height functions on the curve, in particular the relation between the logarithmic height h(P) and the canonical height h (P) of a point P on the curve. Silverman [13] gives general estimates for the difference h(P)&2h (P), but it turns out that these are not precise enough for our purposes, and it was necessary to tailor his arguments specifically to the curve (4).
Lemma 2.
(i) For P # E 1 (Q), &log 6&4.076 h(P)&2h (P) log 6+4.504;
(ii) For k 2 and P # E k (Q),
where C k =(6k 2 &6k+1)> p p e pÂ2 , the product running over all primes p for which p e p exactly divides 12k 2 &12k&1 and e p 2.
Proof.
(i) Example 2.2 of Silverman [13] .
(ii) This is a careful bookkeeping excercise using the methods and formulae of Silverman [13, 14] .
For the determination of bases for the Mordell Weil groups, we choose to consider four cases, according to rank.
Rank 1 (31 instances). Suppose the known point P is not a generator. It is easy to verify in each case that neither P nor P+T k lies in 2E k (Q), so there exists m # Z, Q # E k (Q) with P=mQ, m 3, and where, without loss of generality, we may suppose m prime. By looking at E k (F p ) for a suitable prime p, it can be shown in each of the cases that m{3. So m 5, and h (Q)=(1Âm 2 ) h (mQ)=(1Âm 2 ) h (P) (1Â25) h (P). Using the bounds of Lemma 2, a simple search shows no such Q can exist in any of the cases.
Rank 3, 4 (14, 3 instances, respectively). In each case the known independent points do not have particularly large height and we worked as suggested by Silverman [13, Proposition 7.2 with m = 2]; similar arguments can also be found in Gebel and Zimmer [4, Section 8] .
Rank 2 (52 instances). The above method works in many instances, but it cannot deal with the cases where one of the two known independent points has large height, for example, k=75, where the known points have heights 2.6069 and 28.3739. We need to introduce a further idea. Suppose the known points P 1 , P 2 generate a subgroup of index m in E k (Q)ÂE k (Q) tors . It is straightforward to verify in all the cases that m is odd, by showing that if
Suppose now m>1, and let q be a prime dividing m. Then either P 2 # qE k (Q) or at least one of the points P 1 \rP 2 with r # [0, 1, ..., (q&1)Â2] lies in qE k (Q). In the latter case, let P 1 +rP 2 =qQ, |r| (q&1)Â2. Then h (P 1 +rP 2 )+h (P 1 &rP 2 )=2h (P 1 )+2h (rP 2 )=2h (P 1 )+2r
Thus either there exists Q # E k (Q) satisfying h (Q)=(1Âq 2 )h (P 2 ) or there exists Q # E k (Q) satisfying the inequality (22).
In each numerical case we eliminate the possibilities q=3, 5, 7 by showing that none of P 2 , P 1 \rP 2 with r # [0, 1, ..., (q&1)Â2] lies in qE k (Q). As an example, when k=24, the structure of the groups E 24 (F 19 ) and E 24 (F 137 ) was used to eliminate q=7. It follows that q 11, with consequently a point Q # E k (Q) satisfying either h (Q) 1 121 h (P 2 ) or h (Q) 2 121 h (P 1 )+ 1 2 h (P 2 ). By choosing P 1 to be the point with larger height than P 2 , only the second inequality matters. It implies a manageable bound for h (Q), and by search there are no such Q.
It only remains to indicate how in practice the search for points of bounded height was carried out.
We are searching on the curve (4) for points P with h(P)<B, for some known bound B. Let X(P) at (7) be given by rÂs 2 , (r, s)=1, so that using (6), 0 r+6(2k&1) s Of course one can also restrict to those $ known to correspond to everywhere locally solvable curves, but in our cases the time of running was so short that this minor refinement was unnecessary.
A Rank-1 Conjecture
From Table I it can be seen that for all 31 curves of rank 1 the point
on (4) serves as a generator for E k (Q)ÂE k (Q) tors . Can this be a coincidence? We think not, but we have no more hard evidence than these 31 examples. Nevertheless, we wish to formulate the Conjecture. If the curve given by (4) has rank 1, then
Support of a heuristic nature may be found in the following remark which contains ideas due to Samir Siksek. We are grateful to him for allowing us to use them.
Remark. The Szpiro ratio of an elliptic curve E over Q is the ratio
and is conjectured to be bounded. Hindry and Silverman [7] show that all non-torsion points P # E(Q) satisfy h (P) (20_ E ) &8 
10
&1.1&4_E log (discriminant E), so that applied to the curves E k , we obtain an estimate h (P)>c log(k), where c is an absolute and effective constant, provided _ E is bounded. On the other hand, our estimates indicate that h (Q k ) is asymptotic to
2 log(k -6) implying a uniform bound on the index m for sufficiently large k.
It now seems plausible that for a rank-1 curve, there can only be finitely many k, where the index m exceeds 1. For otherwise, there exists m 0 # N such that Q k =m 0 (x, y) as an equation in E k (Q) is solvable for x, y # Q for infinitely many k. Equating first components, there results an equation F(x, k)=0 of degree m 2 0 in x, which is known to have infinitely many rational solutions x, k. Further, Q k =m 0 (x, y) forces x to be an integer, so F(x, k)=0 has infinitely many integer solutions x, k. Consequently, F(x, k) must represent a curve of genus 0, which seems unlikely in general.
DETERMINATION OF INTEGRAL POINTS
Now that the rank r k and a complete set of generators for E k (Q) are known, set E k (Q)ÂE k (Q) tors =(P 1 , ..., P rk ).
For P # E k (Q), there exist integers m 1 , ..., m rk such that
where P 0 is a torsion point, satisfying (from Lemma 1) 2P 0 =0 in E k (Q). For integral P=(x(P), y(P)) we intend to estimate the integral vector m=(m 1 , ..., m rk ). Once (small) upper bounds for its coordinates m i are known, an attempt can be made to recover all integral points by direct search.
Brief Comments on the Method Used
We do not describe here the underlying method, as this has been done in great detail in [16] . Also, Stroeker [15] clearly describes how the method of [16] can be applied in order to attack many elliptic equations`o f a similar type.'' We confine ourselves to mentioning the following: to the generic point P in (24) P i , P j ) ).
Note that * k >0 because this matrix is positive-definite. Let also M k = max 1 i rk |m i |. Then
where c=
On the other hand, we can apply a deep theorem of David [3] in order to compute a lower bound for |L(P)|, which is exponential in &log M k and &(log logM k ) rk+2 . The precise statement of David's theorem, in the form needed for our purpose, and a detailed explanation of his application is found in an Appendix of [16] ; therefore we do not discuss this subject here. We only point out that, since the publication of [16] , a slight modification has been made to certain constants of David's theorem; this implies an analogous modification to the constant c 4 appearing in the Appendix of [16] The very large upper bound K is then reduced using the LLL basis reduction algorithm, as described in [16, Section 5] , or [15, Section 4] , and implemented by PariÂGP. Below we list the outcome of the reduction process. The exponent of the base 10 in K 0 gives a lower bound for the number of digits precision needed for the computation of the elliptic logarithms u 0 , u 1 , ..., u rk . In order to take care of the possible loss of significance caused by rounding, a considerably larger number of digits was used in each case.
Reduction
Step 1
Step 2
Step 3 Step 1
Step 3 The * in the final column indicates one exception at k=79, in which case the process stopped at step 2 with K value of 6.
All Integral Points for 1 k 100
When completing the final search for integral points with the K values from the above table, the worst instances occur for rank 4 curves. Corresponding to m 1 >0; m 1 =0, m 2 >0; m 1 =m 2 =0, m 3 >0; m 1 =m 2 =m 3 =0, m 4 >0 in (24), there are respectively 2 } 6 } 13 3 , 2 } 6 } 13 2 , 2 } 6 } 13, 2 } 6 cases to consider, a total of 13 4 &1=28560 points to check for integrability. For each k-value, this search took about 3 h using Apecs on a 486 desktop with 16 Mbytes of extended memory. For the other ranks, this final search was significantly shorter. A list of all the integral points found is given in Table II . In fact the coefficients m j corresponding to integral points rarely exceed unity; there are only five instances where this is not true (for k=1, 2, 7, 9, and 20), and then the largest (absolute) coefficient is 2.
From Table II it is immediate to deduce a full list of integer solutions (n, t) to Eq. (2) in the range 1 k 100. These are listed in the form of triples (k, k+n&1, t) in Table III. 
The Rank 1 Case
Now we restrict attention to the case where the rank of E k (Q) equals 1. The point Q k =(1, k) at (2), respectively, Q k =(12k+6, 72k) on (4), is a point of infinite order. We show here that for any integer k, then neither mQ k (m>1) nor mQ k +T k (m 1) can be an integer point of (2) . By virtue of the previous determination of E k (Z) for 1 k 100, we could (7), k=1, . .., 100
All integer points (X, Y) with Y 0 for the curves (7), k=1, 100, omitting in each case the point (0, 0)
All integer points (X, Y) with Y 0 for the curves (7), k=1, ..., 100, omitting in each case the point (0, 0)
Integer Solutions of (1), k=1, ..., 100
All integer solutions (k+n&1, t) with t>k of (1) No entry for k indicates no solution exists
assume k>100, but in fact we shall assume only k 2, implying that the torsion point T k is (0,0) on (2) or as at (5) on (4) . A consequence of this result is that if Q k is indeed a generator for the group E k (Q)ÂE k (Q) tors , then the only integer solution of (2) is (n, t)=(1, k). The approach of this section is much in the spirit of Ayad [1] and it is from that paper that it has been inspired. The idea is in essence quite simple. When expressing the x-coordinate of mQ k as the quotient of two polynomials in Z[k], it turns out that the resultant of these two polynomials is an integer divisible by only 2 and 3; so any common factor of the polynomials upon specialization to any integer k is also divisible by only 2 and 3. But the numerator polynomial lies in 1+12Z[k]; so numerator and denominator are coprime for any integer k. Provided the denominator is not 1, the result follows. In practice, it proved rather slippery converting these ideas into a formal proof, and several intricate induction arguments are necessary.
For any point P=(x, y) on (4) 
For the specific point Q k we have
Henceforth we shall simply write m instead of m (Q k ), but we shall always write explicitly m (P) for any point P{Q k . The only primes p such that Q k is singular on E k, p (F p ) are p=2, 3. Let S= [2, 3] ; then from Ayad [1] we have the following lemma. Proof. For a proof we refer to [1] . K We introduce the following relatively standard notation. Let p be prime, and
where g, h # Z[k], and in both g and h at least one coefficient is not divisible by p. It is easy to see that
Lemma 4.
(i) For any integer m 1 we have
(ii) Defining j to be the part of j prime to 6, or more precisely
Proof. Use induction on m. Both parts are certainly true for m=1, 2; cf. (27).
Consider now m 3, and suppose the lemma is valid for all indices less than m. First, for m odd, m=2r+1, r 1, then (25) This completes the proof of Lemma 4. K Now let m>1 be an integer such that mQ k has integral coordinates. We shall use repeatedly the following fact, an immediate consequence of a theorem of Lutz [9] (see also Ayad [1] and Zimmer [20, Hilfssatz 1.1 
]):
If nP is an S-integral point, then P is an S-integral point.
(31) If m is even, then the above fact implies that 2Q k is integral; but then x(2Q k )=(1+12k&24k 3 +36k 4 )Â4k 2 , a contradiction. If 3 | m, then 3Q k is integral, so by Lemma 3, the only primes dividing 3 are 2 and 3. From (27), this forces 1+12k&24k 2 &72k 3 +36k 4 =1 which is impossible for k{0. Accordingly, if mQ k is integral then we may assume (m, 6)=1.
Next we develop a``3-adic'' estimation of certain i .
Lemma 5. For every even positive integer n, with 3 |3 n, and every positive integer N,
Remark. Since 1+k&k 3 0 mod 3 for all k, it will follow from (32) that for m>1 and (m, 6)=1, then m {1. But, by Lemma 4, m #1 mod 6 and thus m has a prime divisor larger than 3, which is of course also a prime divisor of m . This will contradict Lemma 3, establishing the fact that mQ k cannot be integral.
To prove Lemma 5, two subsidiary lemmas are needed.
Lemma 6. For every positive integer n with 3 |3 n and any positive integer N,
Proof. First we fix n=1 and prove the assertion by induction on N. 
from which
In order to compute 3 (2 } 3 
as required for the induction. Second, let n>1 with 3 |3 n, and let N be any positive integer. From (33),
Here,
It is well-known that the leading term of n (x) as polynomial in x is nx (n 2 &1)Â2
for n odd, and 1 2 n 2 (x) x (n 2 Â2)&2 for n even and, accordingly,
In both cases, the right-hand side is at least (n 2 &1)Â2 } (4 } 3 2N &2e), so that from (35), 
where u, u$ # Z[k], imply the relations
by Lemmas 4 and 6. Now (37) implies
and multiplying by (36) in (40) gives (39). The deduction of (38) is entirely analogous. K Proof of Lemma 5. The result is first proved for n=2 by induction on N. The case N=1 is verified by direct computation. Suppose the claim is true for the integer N, so that
for some u(k), u$(k) # Z(k). 
We use the following general relation (see Ayad [1] ):
r+s r&s = r+1 r&1 
In view of (42), . This completes the reduction on N (for n=2) in (32) with the upper sign. The induction on N (for n=2) with lower sign at (32) is entirely analogous.
It remains to induct on n. We shall assume that n is an even integer at least 4, 3 |3 n, and that (32) is true for all even integers <n, not divisible by 3, and all N 1. We must show
for all N 1. The inductive arguments needed are similar to those used in the previous lines, and in the proofs of Lemmas 6 and 7. In addition to these lemmas, the relations at (25) and (45) are crucial for the completion of the proof. Although delicate, the remaining arguments do not contain any surprising feature, and so to avoid unnecessary repetition, we suppress further details in the proof, safely leaving them to the reader. This induction on n completes the verification of Lemma 5. K By the remark immediately following the statement of Lemma 5, mQ k cannot be integral for m 2, and it remains to show that mQ k +T k on (2) cannot be integral for m 1. As the reader by now will have gotten the gist of our inductive argument, we shall cut down the remaining``torsion twisted'' case to its most essential parts.
Since the coordinates of the point Q k +T k with respect to (2) are not integral, we may assume that m>1.
Suppose henceforth that m>1 with mQ k +T k an integral point of E k at (2). In view of the transformation (3) and its inverse, the coordinates x(mQ k +T k ), y(mQ k +T k ) of the point mQ k +T k with respect to the model E k at (4) are also integers with x(mQ k +T k )#2 mod 4. 
so that (52) implies e 2 (x(mQ k +T k )) 2, contradicting (49). Thus m is even. Writing m=2 N q with q odd, then mQ k +T k =q(2 N Q k +T k ) and by (31) it follows that 2 N Q k +T k is integral. It is checked that 2Q k +T k is non-integral, so we assume that N 2. In order to obtain a contradiction to the integrality of 2 N Q k +T k , we need the following facts accumulated in a final lemma.
Lemma 8.
(i) For n 1,
(ii) If 2 N Q k +T k is integral, then k divides 3 } 2 2N . Moreover,
Proof. Both statements can, as before, be proved by inductive arguments. Although lengthy, and not everywhere trivial, we feel that the reader by now must have acquired sufficient insight in the methods of this section to enable him to produce complete proofs unaided. K To obtain a contradiction to the integrality of 2 N Q k +T k , first note that k{3, because r 3 =2. Thus, from Lemma 8, k must be even. But then (53) and (54) are contradictory.
